By an effective construction of pairs of bases in duality in shuffle and quasi-shuffle algebras, we identify the local coordinates of noncommutative generating series of polyzetas which are group-like. Algorithms lead to the ideal of homogeneous polynomial relations, in weight, among polyzetas and their explicit representation on irreducible elements.
INTRODUCTION
For any composition, (s1, . . . , sr), of positive integers such that s1 > 1, the polyzetas [7] (also called multiple zeta values [29] ), denoted by ζ(s1, . . . , sr), are defined by the following convergent series ζ(s1, . . . , sr) ∶= 
Let X = {x0, x1} and Y = {ys}s≥1 be two totally ordered alphabets 1 . The free monoid and the set of Lyndon words, over X (resp. over Y ), are denoted respectively by X * (resp. Y * ) and LynX (resp. LynY ). Let 1 X * , 1 Y * denote the neutral elements of 1 By x0 < x1 and y1 > y2 > y3 > . . .
Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. Copyrights for components of this work owned by others than ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to redistribute to lists, requires prior specific permission and/or a fee. Request permissions from permissions@acm.org. ISSAC'15, July 6-9, 2015, Bath, United Kingdom. X * , Y * respectively. With the definitions of shuffle and concatenation products, one constructs the bialgebra (Q⟨X⟩, •, 1 X * , ∆ ⊔⊔ , e) [26] . Moreover, the Poincaré-Birkhoff-Witt (PBW in the sequel) basis, {Pw} w∈X * , is expanded from {P l } l∈LynX , basis of the free Lie algebra Lie Q ⟨X⟩. The dual basis (of the PBW-basis {Pw} w∈X * [26] ), {Sw} w∈X * , contains a subfamily {S l } l∈LynX , which is really a pure transcendence basis of the algebra (Q⟨X⟩, ⊔⊔ , 1 X * ). Similarly, we also constructed a basis, denoted by {Π l } l∈LynY [5, 20, 21] , for the (free) Lie algebra of primitive elements 2 of Q⟨Y ⟩ and the associated PBW-basis {Πw} w∈Y * of which its dual basis [5, 20, 21] , denoted by {Σw} w∈Y * , contains a subfamily {Σ l } l∈LynY which is also a pure transcendence basis of the algebra (Q⟨Y ⟩, , 1 Y * ).
To any multi-index (s1, . . . , sr) ∈ (N+) r , one can associate [17, 18] x1 ∈ X * x1 or ys 1 . . . ys r ∈ Y * . We defined two non commutative generating series of polyzetas [20, 21] :
Z ∶=
We defined also the third noncommutative generating series of polyzetas, Zγ [20, 21] , which satisfies, via Schützenberger's factorization on the completed Hopf algebra [20, 21] ,
where γ is the Euler's constant. In the definitions given in (2) and (3), only convergent polyzetas arise and these noncommutative generating series induce two following morphisms of algebras for, respectively, the shuffle and stuffle products [20, 21] 
which satisfy respectively
and, for s1 > 1,
ζ (ys 1 . . . ys r ) = ζ(s1, . . . , sr).
Their graphs 3 then respectively read [19] 
In this work, in order to identify the local coordinates of Z ⊔⊔ (and Z ), on a group of associators [20, 21] , we are basing ourselves on the following comparison formula
where π Y stands for the linear projection 4 from Q ⊕ Q⟪X⟫x1 to Q⟪Y ⟫ mapping x
x1 to ys 1 . . . ys r and Γ denotes the Euler Gamma function. Simultaneously, algorithms will be also given to represent polyzetas in the forms of homogeneous polynomials, in weight, of irreducible polyzetas, up to weight 12, in which the result satisfies again Zagier's dimension conjecture [29] about polyzetas.
Note that many tables of algebraic relations 5 had been obtained by computer up to weights 10 [17], 12 [1] and 16 [28] . These tables differ from the zig-zag relation among the moulds of formal polyzetas, i.e. the commutative generating series of symbolic polyzetas, due to Ecalle [12] (Boutet de Monvel [3] and Racinet [14] had also given equivalent relations for the noncommutative generating series of symbolic polyzetas, see also [7] ). Our method is quite different from these methods which produce linear relations and are based on the regularized double shuffle [2, 22, 24] and from identities among associators, due to Drinfel'd [9, 10, 16 ].
BACKGROUND

Hopf algebras of shuffle and quasi-shuffle products
Let w = ys 1 . . . ys k ∈ Y * , the length and the weight of the word w are defined respectively by the numbers
Let us define 6 the commutative product over QY , denoted by µ, as follows [6, 13] ∀ys, yt ∈ Y, µ(ys, yt) = ys+t,
or its associated coproduct, ∆+, defined by
satisfying,
Let Q⟨Y ⟩ be equipped by 1. The concatenation • (or by its associated coproduct, ∆•).
3 written as series 4 Note that, here, π Y was extended to Q⟪X⟫ with the convention π Y (w) = 0 for each w ending by x0. 5 They form a Gröbner basis of the ideal of polynomial relations among the convergent polyzetas and the ranking of this basis is based mainly on the order of Lyndon words [1, 17, 28] . For that, this basis is also called Gröbner-Lyndon basis. 6 Q being the set of rational numbers.
2. The shuffle product, i.e. the commutative product defined by [26] ,
or by its associated coproduct, ∆ ⊔⊔ , defined, on the letters,
and extended by morphism. It satisfies
3. The stuffle (or quasi-shuffle) product, i.e. the commutative product defined [22] , for any w ∈ Y * , by
and, for any ys, yt
or by its associated coproduct, ∆ , defined, on the letters,
Note that ∆ ⊔⊔ and ∆ are morphisms for the concatenation (by definition) but ∆+ is not a morphism for the product of Q⟨Y ⟩ (concatenation) (for example ∆+(y
Hence, with the counit e defined by
one gets two pairs of mutually dual bialgebras
and
Let us then consider the following diagonal series
Here, in D ⊔⊔ and D , the operation on the right factor of the tensor product is the concatenation, and the operation on the left factor is the shuffle and the quasi-shuffle, respectively. By the Cartier-Quillen-Milnor and Moore (CQMM in the sequel) theorem [6] , the connected N-graded, co-commutative Hopf algebra H ⊔⊔ is isomorphic to the enveloping algebra of the Lie algebra of its primitive elements which is isomorphic to Lie Q ⟨Y ⟩ :
Hence, let us consider 1. the PBW-Lyndon basis {Pw} w∈Y * for U(Lie Q ⟨Y ⟩) constructed recursively as follows [26] 
where (l1, l2) is the standard factorization 8 of l, l1 > . . . > l k and l1, . . . , l k ∈ LynY , 2. and, by duality 9 , the basis {Sw} w∈Y * for (Q⟨Y ⟩, ⊔⊔ ), i.e.
It can be shown that this linear basis can be computed recursively as follows [26] 
EXAMPLE 1.
Hence, we get Schützenberger's factorization of D ⊔⊔
Similarly, by the CQMM theorem, the connected N-graded, cocommutative Hopf algebra H is isomorphic to the enveloping algebra of its primitive elements:
where, for any w ∈ Y * , π1(w) is obtained as follows [20, 21] 
note that the eqn. (35) is equivalent to the following identity
(36) In particular, for any ys ∈ Y , the primitive polynomial π1(ys) is given by
As previously, (37) is equivalent to
EXAMPLE 2.
Introducing the new alphabetȲ = {π1(y)} y∈Y , one obtains
Considering 1. the PBW-Lyndon basis {Πw} w∈Y * for U(Prim(H )) constructed recursively as follows [20, 21] 
where (l1, l2) is the standard factorization of l, w = l
2. and, by duality, the basis {Σw} w∈Y * within Q⟨Y ⟩ 10 , i.e.
it can be shown that this linear basis can be computed recursively as follows [5, 20, 21 ]
(43) In (!), the sum is taken over all {k1, . . . , ki} ⊂ {1, . . . , k} and all l1 ≥ . . . ≥ ln such that (ys 1 , . . . , ys k ) * ⇐ (ys k 1 , . . . , ys k i , l1, . . . , ln), where * ⇐ denotes the transitive closure of the relation on standard sequences, denoted by ⇐ [5] . EXAMPLE 3. 10 Same remark as previously, the grading being here provided by the weight.
We get the following extension of Schützenberger's factorization for D [5, 20, 21 ]
Regularizations of shuffle and quasi-shuffle products
Then H1 and H2 are closed by concatenation and shuffle products.
PROPOSITION 1 ([17, 18]). One has the isomorphisms
Through the definitions of Z ⊔⊔ and Z at (2) and (3), we have the following properties.
PROPOSITION 2 ([19]
). The noncommutative generating series Z ⊔⊔ and Z are group-like for the coproducts ∆ ⊔⊔ and ∆ , respectively, i.e. they are not zero and :
From (4) and (13), by cancellation, we established the identity between the noncommutative generating series of polyzetas, as global regularization 11 [20, 21] 
where
We will rewrite this expression on the same bases and, thanks to the graded property, identify the local coordinates to find the structure of polyzetas. To end this Section, let us note that we get on the one hand, by (2) and (3),
and on the other hand, by (49), for any l ∈ LynX ∖ X and for any l ′ ∈ LynY ∖ {y1},
This means that the identity (49), which is equivalent to (13) [20, 21] , yields immediately the family of regularized double shuffle relations considered in [1, 2, 14, 17, 24, 28] (see also [3, 7, 22, 23, 27] ).
STRUCTURE OF POLYZETAS
Representations of polynomials on bases
The aim of this subsection is to provide a method to represent any polynomial of Q⟨X⟩ (reps. Q⟨Y ⟩) in terms of the bases {Pw} w∈X * or {Sw} w∈X * (resp. {Πw} w∈Y * or {Σw} w∈Y * ).
Recall that, the bases {Pw} w∈X * and {Πw} w∈Y * are homogeneous and upper triangular, the bases {Sw} w∈X * and {Σw} w∈Y * are homogeneous and lower triangular 12 . Without loss of generality we can assume that P ∈ Q⟨Y ⟩ is a homogeneous polynomial of weight n, we now represent P in terms of the basis {Σw} w∈Y * by the following algorithm.
Algorithm 1
INPUT: A homogeneous polynomial P of weight n. OUTPUT: The representation of P on the basis {Σw} w∈Y * .
Step 1. Choose the leading term 13 of P , rewrite the word, without coefficient, called w1, of this monomial as follows
After that, replace w1 with this expression in P and re-put the coefficients
Step 2. Assign now P the sum ∑ v<w 1 ,(v)=n βvv in (54) and repeat the Step 1. until the last monomial which admits the smallest word of weight n, yn, and we really have yn = Σy n . At last, by re-putting the coefficients, we will obtain the representation of the original
EXAMPLE 4. P ∶= 2y 1 y 2 − 1 2 y 3 . Step 1. Since Σy 1 y 2 = y 1 y 2 + y 2 y 1 + y 3 we replace y 1 y 2 with Σy 1 y 2 − y 2 y 1 − y 3 in P P = 2Σy 1 y 2 − 2y 2 y 1 − 5 2 y 3 .
Step 2.
• Since Σy 2 y 1 = y 2 y 1 + 1 2 y 3 we replace y 2 y 1 with Σy 2 y 1 − 1 2 y 3 in P P = 2Σy 1 y 2 − 2Σy 2 y 1 − 3 2 y 3 .
• Since y 3 = Σy 3 , we thus get
Follow the above algorithm, we imply the following consequence. 12 w.r.t the basis of words, for example, with the alphabet Y , one has Σw = w + ∑ v<w,(v)=(w) αvv. 13 This term stands for the greatest word of the support of P (for the lexicographic ordering).
Identifying the local coordinates
Now, we will rewrite the formula (49) on the same bases as the coordinates choosen for their representation. First, we expand B ′ (y1) as follows. LEMMA 1. Let us consider the expression
We have
where ⌊m 2⌋ is the largest integer not greater than m 2. PROOF.
EXAMPLE 5.
Identifying on the basis {Πw} w∈Y *
By using the duality of the bases, we rewrite (49) as follows
where π X denotes the inverse of π Y (restricted to Q ⊕ Q⟨X⟩x1). Moreover, we see that B ′ (y1) is a series of a single letter (like a sigle variable), y1, and
We can then identify the coefficients in (56) and obtain that: 14 Note that the notation ζ(P ) is used to replace ζ ⊔⊔ (P ) or ζ (P ) if the polynomial P only contains words in the forms x0X ).
With v = y
= 0.
Identifying on the basis {Pw} w∈X *
Let denote 15 
{P
′ w } w∈X * x 1 the reductions of {Pw} w∈X * x 1 on Q ⊕ Q⟨X⟩x1. By applying the mapping π X on the two sides of (56) and using the duality of the bases, we can rewrite the regularization as follows
Similarly, by the remark that B ′ (x1) is a series of a single letter, x1, and
we can identify the coefficients in (59) and then obtain that:
With u = x0x1x With u = x1x0x1 ∶ ζ(Σy 2 y 1 ) − 3 2 ζ(Σy 3 ) = 0.
− ζ(Σy 3 y 1 ). 15 They are defined by
Algorithms to represent the structure of polyzetas
We really have relations among polyzetas represented on the bases {Sw} w∈X * and {Σw} w∈Y * . In fact, from the formulas (32) and (43) we can easily represent these relations on the pure transcendence bases {S l } l∈LynX or {Σ l } l∈LynY respectively. In the two following algorithms, one uses these relations and the other one uses as well the structures of shuffle and stuffle products, we will eliminate these relations, in weight, to find the structure of polyzetas represented on the bases {S l } l∈LynX and {Σ l } l∈LynY . These two algorithms return the same result which will be shown in the next subsection.
Algorithm 2
INPUT: A positive integer N . OUTPUT: Representations of polyzetas, up to weight N , in the forms of polynomial relations of irreducible elements on the transcendence basis {Σ l } l∈LynY (resp. {S l } l∈LynX ).
Step 1. Find all words and Lyndon words, of weight 16 N of X * and
Step 2. Use Proposition 4 and Algorithm 1 to establish relations among polyzetas on the basis {Σ l } l∈LynY (resp. use Proposition 3 and Algorithm 1 to establish relations among polyzetas on the basis {S l } l∈LynX ).
Step 3. Eliminate these relations to find representations of polyzetas in the forms of a polynomial of irreducible elements.
The next lemma will show one other way to find the relations among the family {ζ ⊔⊔ (Sw)} w∈X * and the family {ζ (Σw)} w∈Y * .
LEMMA 2.
i) For any Lyndon words l1, l2 ∈ LynX ∖ X (resp. l1, l2 ∈ LynY ∖ {y1}), we have
(resp. ζ (Σw) = ζ ⊔⊔ (π X (Σw))). PROOF. Remark that Sw = w + ∑ v<w αvv, ∀w ∈ X * and if l ∈ LynX ∖ X then l ∈ x0X * x1. Basing ourselves on properties of polyzetas on words [21] 
, we easily prove the desired solutions of the lemma.
With l1 = y2, l2 = y3y1 (in LynY ):
).
With w = y1y3 (in y1Y * ):
). 16 In the alphabet X, the weight of a word is understood as the length of that word.
Algorithm 3
Step 1. Find all words and Lyndon words, of weight N of X * and
Step 2. Use Lemma 2 and Algorithm 1 to establish relations among polyzetas on the basis {Σ l } l∈LynY (resp. {S l } l∈LynX ).
Step 3. Eliminate these relations to find representations of polyzetas in the forms of polynomials of irreducible elements.
Results
Representations of polyzetas in the forms of homogeneous polynomials of irreducible elements on the basis {Σ l } l∈LynY ∖{y 1 } :
Weight n = 3
Weight n = 4
Weight n = 5 
Weight n = 5
Weight n = 6
⋮ From these representations, we easily deduce lists of irreducible polyzetas viewed as algebraic generators of the algebra of convergent polyzetas up to weight 12: 
Irreducible polyzetas represented on the basis {S
Let us now denote by Zn the Q-vector space generated by polyzetas of weight n, dn its dimension. Here again, the result satisfies the Zagier's dimension conjecture 17 meaning that the two previous families of irreducible polyzetas are algebraically independent if and only if this conjecture holds up to weight 12.
17 i.e., d1 = 0, d2 = d3 = 1 and ∀n ≥ 4, dn = dn−2 + dn−3.
• n = 2, d2 = 1, 
CONCLUSION
In the classical theory of (finite-dimensional) Lie groups, every ordered basis of the Lie algebra provides a system of local coordinates of a suitable neighbourhood of the unity (of the group) via an ordered product of the one parameter groups corresponding to the (ordered) basis. Here, we get a perfect analogue of this geometrical picture for the Hausdorff groups (in shuffle and stuffle Hopf algebras) through Schützengerger's factorization, this doesn't depend on the regularization of shuffle and quasi-shuffle. Moreover, through the bridge equation (13) which relates two elements on these groups and an identification of the local coordinates of their L.H.S. and R.H.S. of (49) which involve only convergent polyzetas as local coordinates, we get a confirmation of Zagier's conjecture, up to weight 12, which is not due to the regularized double-shuffle relations.
